The author introduces a new numerical measure for uniform distribution of sequences in [0, 1) s , called weighted b-adic diaphony. It is proved that the computing complexity of the weighted b-adic diaphony of an arbitrary net, composed of N points in [0, 1) s , is O(sN 2 ). As special cases of the weighted b-adic diaphony we obtain some well-known kinds of the diaphony. An analogy of the inequality of Erdös-Turan-Koksma is given. We introduce the notion of limiting weighted b-adic diaphony, based on the Walsh functional system over finite groups as a characteristic of the behaviour of point nets in [0, 1) ∞ . A general lower bound of the limiting weighted b-adic diaphony of an arbitrary net of N points in [0, 1) ∞ is proved. We introduce a class of weighted Hilbert space and prove a connection between the worst-case error of the integration of this space and the weighted b-adic diaphony.
Introduction
Let s 1 be a fixed integer and = (x n ) n 0 an arbitrary sequence of points in the s-dimensional unit cube [0, 1) s . For each integer N 1 and an arbitrary subinterval J of [0, 1) s with a volume (J ), we denote by A N ( ; J ) the number of the points x n of the sequence whose indexes n satisfy the inequalities 0 n N − 1, and belong to the interval J . The sequence is called uniformly distributed in In Grozdanov and Stoilova [11] for each integer N 1 the so-called b-adic diaphony (k j ),
and for each integer k 0
It is well-known that the sequence of points in Using the construction and the properties of the functions of well-known classes of orthonormal functional systems such as the Walsh functional system in base b and the Walsh functional system over finite groups (see Definition 2), we will consider an arbitrary complete orthonormal functional system, constructed in the b-adic number system with special properties of the distribution of the values of the functions of this system. For this purpose we consider the set Z b = {0, 1, . . . , b − 1} and put
Generally, we define the operation "addition"
, which we will express in a concrete form in each of the considered examples, and obtain the group of the b-adic integers (G b ; G b ). The term of the group of b-adic integers already has a meaning as the ring of integers in the field of the b-adic numbers Q b .
For eachx ∈ G b we define the open sets I n (x) as follows: I 0 (x) = G b and for an arbitrary integer n 1 let I n (x) = {y ∈ G b : 0 i n − 1, y i = x i }. We will call these sets b-adic intervals on
If we agree to use only finite representations for the b-adic rationals, then each real x ∈ [0, 1) with the b-adic representation x = By using the transformation , we can transfer the group operation G b from the group G b to the interval [0, 1) in the following way: for each pair x, y ∈ [0, 1) we define xy = −1 ( (x) G b (y)) and respectively xy = −1 ( (x) G b (y)), with the conditions
It is evident that xy and xy are not defined for each pair x, y ∈ [0, 1). If for every fixed y ∈ [0, 1) we define
, then xy and xy are defined for all x ∈ I y . In the case when y is a b-adic rational, we have that I y = [0, 1).
We consider an arbitrary sequence of characters
so for each integer i 0 the functions i : G b → C satisfy the conditions:
Following Gat [8] , let us suppose that for each integer i 0 the characters i (x) be
For each integer i 0 we define the function r i : [0, 1) → C as
We will define a functional system 
where for 0 i g we set
and when k i = 0 we set [r i (x)] k i = 1. By the above property (c) for A i+1 measurable of the characters i (x) (0 i g), we can set
where C k (x 0 , x 1 , . . . , x g−1 , x g ) are constants. Finally, for each integer g 0 we demand that the equations 
hold for each integer k 0 and for ∀x, y ∈ [0, 1).
Owen [18] gives an idea for obtaining multiresolution of L 2 (R), based on the b-adic Haar functions. The b-adic Haar multiresolution of L 2 (R) is restricted to L 2 ([0, 1)) and extended to L 2 ([0, 1) s ) through modifying the extension technique, which is similar to one given by Daubechies [3] .
Pirsic [19] introduces the concept of digital orthonormal bases in base b and uses these bases as a tool in numerical integration. Following this terminology, we note that for each integer k 1, such that b g k < b g+1 for some integer g 0 the functions f k are digital step functions in base b and resolution g, and the functional system F(b) is a digital orthonormal basis in base b. In addition we note the fact that the property (d1) of the functions of the system F(b) is equivalent to the equation, given in Definition 2 of Pirsic [19] .
The functional systems introduced in Owen [18] and Pirsic [19] are used in the theory of quasiMonte Carlo integration. The main idea of this application is the rate of convergence of the Fourier coefficients with respect to the considered functional systems.
The functions of the system F(b) must be "convenient" regarding the following considerations: to calculate the Fourier coefficients of the function b ( , ; ·), constructed in Theorem 2. The equations given in (4) both are used to prove Theorem 2 and to draw the form of the weighted b-adic diaphony, shown in Definition 1. Regarding Eq. (3), we suggest the analytical construction of the functions f k , as a product of the powers of the characters of the group (G b ; G b ).
For multivariate numerical integration Sloan and Woźniakowski [21] propose to arrange the coordinates x 1 , x 2 , . . . , x s of the functions, which are integrated, and respectively, the coordinates of the point nets which we use in the process of the numerical integration, in such a way that x 1 is the most important coordinate, x 2 is the next, and so on, and to quantify this by associating nonincreasing real weights 1 , 2 , . . . , s to the successive coordinate direction. The weighted discrepancy and the mean square weighted L 2 discrepancy are also introduced as numerical measures for the irregularity of the distribution of sequences in [0, 1) s .
Dick and Pillichshammer [4] investigate the mean square weighted L 2 discrepancy with respect to some (t, m, s)-nets over Z 2 .
In many applications we need high dimensional point nets which are well distributed. In order to investigate the behaviour of such point nets in very high dimension Sloan and Woźniakowski [21] introduce the notion of limiting discrepancy. Dick and Pillichshammer [5] introduce the notion of limiting dyadic diaphony which is based on the Walsh functions in base 2.
In order to solve some problems of the tractability of the multivariate integration, Dick and Pillichshammer [6] introduce the weighted Hilbert space H wal, , which is based on the Walsh functions in base b and depends on a vector with nonincreasing positive weights. The Hilbert space H wal , introduced by Dick and Pillichshammer [7] is a special case of the weighted Hilbert space H wal, . It is proved that the worst-case error e(H wal ; P N ) of the integration in the space H wal using an arbitrary net P N of points in [0, 1) s and the b-adic diaphony F (W(b); P N ) of the net P N are related by the equation
The next problems arise quite naturally: 
The weighted b-adic diaphony
In order to give the form of the so-called "weighted b-adic diaphony" we will use parameters and . The fixed real > 1 will characterize the rate of decay of the Fourier coefficients of a special function b ( , ; ·), constructed in Theorem 2. This function will play an important role for defining the notion of weighted b-adic diaphony. In order to characterize the importance of the different coordinates of the point nets in [0, 1) s , we will use the parameters (or "weights") = ( 
The fact that the weighted b-adic diaphony is a quantitative measure for uniform distribution of sequences in [0, 1) s is given with the next theorem: For an arbitrary integer g 1 we define the sets
) s is uniformly distributed if and only if the equation
For each integer N 1 and each vector k ∈ N s 0 let
denote the Weyl sum of the sequence with respect to the function f k . In the next corollary we will give an upper bound of the weighted b-adic diaphony F N (F(b); , ; ) in the terms of the Weyl sum S N (f k ; ) over finite domain C * s (b g ), the so-called inequality of Erdös-Turan-Koksma. 
Corollary 1. Let be an arbitrary sequence of points in
[0, 1) s . Then, for each integer g 1 the inequality F 2 N (F(b); , ; ) 1 s j =1 [1 + j b ( )] − 1 k∈C * s (b g ) r b ( , ; k)|S N (f k ; )| 2 + s 1 b ( )[1 + 2 1 b ( )] s−1 s j =1 [1 + j b ( )] − 1 1 b g( −1)b ( , ; x) = [1 + (b − 1)]b − b b − b − b (b − 1) b − b b ( −1) log b x , x ∈ [0, 1).
For an arbitrary vector of real weights
s .
Let for each integer
N 1 N = {x 0 , x 1 , . . . , x N−1 } be an arbitrary net, composed of N points in [0, 1) s , such that for 0 n N −1
the coordinates of all points x n satisfy the conditions (C1) or (C2), in particular, the coordinates of all points are b-adic rationals. Then, the weighted b-adic diaphony F (F(b); , ; N ) of the net N satisfies the equation
F 2 (F(b); , ; N ) = 1 s j =1 [1 + j b ( )] − 1 1 N 2 N−1 n=0 N−1 m=0 b ( , ; x n x m ).
Examples
In the next examples from the definition of the weighted b-adic diaphony for a special choice of the parameters and and a concrete orthonormal functional system on [0, 1) we will give the form of the corresponding diaphony. We preliminarily note the fact that the considered functional systems in the next examples satisfy the conditions (a), (b), (c), (d1) and (d2).
Example A (The general diaphony). Let us choose the parameters =2 and =1=(1, . . . , 1). From Definition 1 for an arbitrary sequence = (x n ) n 0 of points in [0, 1) s we obtain the so-called general diaphony
, where for each vector k ∈ N s 0 the coefficient (k) is defined through Eq. (1) and the onedimensional coefficients (k) are defined through Eq. (2). The general diaphony was introduced in Grosdanov and Stoilova [12] .
Example B (The generalized b-adic diaphony).
Larcher et al. [16] introduce the Walsh functional system over finite abelian groups. Larcher and Pirsic [17] use this functional system to solve some problems of the multivariate numerical integration. We will recall the concept of the Walsh functional system over finite abelian groups. For each pair g = (g 1 , . . . , g m ) ∈ G and y = (y 1 , . . . , y m ) ∈ G let the operation G : G × G → G be defined by g G y = (g 1 b 1 y 1 , . . . , g m b m y m ) .
Let : {0, 1, . . . , b − 1} → G be an arbitrary bijection with the condition (0) = 0. For
For g, y ∈ G let the character g (y) be defined as g (y) = 
The set W G, = { G, wal k : k = 0, 1, . . .} is called the Walsh functional system over the finite group G with respect to the bijection and is a complete orthonormal functional system on L 2 ([0, 1) ).
Let us in Example A replace the system F(b) with the Walsh functional system over the finite group G with respect to the bijection W G, . Then, for an arbitrary sequence = (x n ) n 0 of points in [0, 1) s we obtain the so-called generalized b-adic diaphony
, where for each vector k ∈ N s 0 the coefficient (k) is defined through Eq. (1) and the onedimensional coefficients (k) are defined through Eq. (2). The generalized b-adic diaphony was introduced in Grozdanov et al. [10] .
The Walsh functional system in base b W(b) is obtained from the system W G, in the case when m = 1, G = Z b , and is the identity of the set Z b in itself. The operation G b is defined in the following way: for each pairx = (x 0 , x 1 , . . .) ∈ G b andy = (y 0 , y 1 , . . .) ∈ G b we put
Let us in the definition of the generalized b-adic diaphony replace the system W G, with the system W(b). Then, for an arbitrary sequence of points in [0, 1) s we obtain the so-called b-adic diaphony F N (W(b); ) . The b-adic diaphony was introduced in Grozdanov and Stoilova [11] .
Let us in the definition of the generalized b-adic diaphony replace the system W G, with the original Walsh functional system in base 2. Then, for an arbitrary sequence of points in [0, 1) s we obtain the so-called dyadic diaphony F N (W(2); ) . The dyadic diaphony was introduced by Hellekalek and Leeb [13] . (x 0 , x 1 , . . .) ∈ G b andy = (y 0 , y 1 , . . .) ∈ G b be the corresponding sequences through the transformation . We denotex G by =z = (z 0 , z 1 , . . .) , where the elements of the sequencez are defined in the next recursive way: z 0 is defined by the equation x 0 + y 0 = t 0 b + z 0 , where t 0 ∈ N 0 and z 0 ∈ Z b . We suppose that for some integer 0 (z 0 , . . . , z ) and (t 0 , . . . , t ) have already been defined. Then, we define z +1 through the equation 
Example C (The
where for
Gat [8] describes a very wide class of orthonormal functions, the so-called Vilenkin-like functional system. We note that the set V(b) is a special case of the Vilenkin-like system.
From Example A, when we replace the system F(b) with the system V(b) for an arbitrary sequence of points in [0, 1) s , we obtain the so-called Vilenkin-like diaphony
, where for each vector k ∈ N s 0 the coefficient (k) is defined through Eq. (1) and the onedimensional coefficients (k) are defined through Eq. (2). The Vilenkin-like diaphony was introduced in Grozdanov and Stoilova [12] .
The limiting weighted b-adic diaphony
To explain the notion of limiting weighted b-adic diaphony which is based on the Walsh functional system over the finite abelian group G with respect to the bijection we need some preliminary results. For each pair g = (g 1 , . . . , g m ) ∈ G and y = (y 1 , . . . , y m ) ∈ G we define the operation G : G × G → G as g G y = (g 1 b 1 y 1 , . . . , g m hold, and if g = 0 we suppose that {0, 1, . . . , g − 1} = ∅.
(ii) For an arbitrary real > 1 we define the function
as when x = y, we denote by i 0 0 the least index that x i 0 = y i 0 . Then, the equation
holds.
(iii) Let 0 < 1 be an arbitrary real. Then, the inequalities
Proof. The statements (i) and (ii) of Lemma 1 can be proved with techniques similar to those, used by Dick and Pillichshammer [5] .
(iii) Let 0 < 1 be an arbitrary real. For arbitrary reals x, y ∈ [0, 1), using the obtained results in (ii), we have wal ( ; x, y) . h G, wal ( ; x, y) , we obtain
Using the definition of the function
From (5) for arbitrary reals x, y ∈ [0, 1) we obtain
In the case when x = y from (5) we obtain that the inequality
holds for each integer i 0 0. In the case when x = y from (5) we have that the equation
holds with the defined quantity i 0 0 in (ii) of the lemma. From (6) and (7) for arbitrary reals x, y ∈ [0, 1) we obtain
Lemma 1 is finally proved. Let = ( 1 , 2 , . . .), where 1 1 2 · · · > 0, be an arbitrary sequence of real weights. Let 1 , x 0,2 , . . .), x 1 = (x 1,1 , x 1,2 , . . .) , . . . , N−1,1 , x N−1,2 , . . .)} be an arbitrary net, composed of N 1 points in [0, 1) ∞ . For an arbitrary dimension s 1 let P N,s = {x 0 = (x 0,1 , x 0,2 , . . . , x 0,s ), 1 , x 1,2 , . . . , x 1,s ) , . . . , x N−1 = (x N−1,1 , x N−1,2 , . . . , x N−1,s ) } be the projection of the net P N to the first s coordinates.
For arbitrary integers 0 n, m N − 1 and 1 j s, let us introduce the notation G, ( , j ; x n,j , x m,j )
Then, from Definition 1 for the weighted b-adic diaphony F (W G, ; , ; P N,s ) of the net P N,s we have the equation Let us replace the system W G, with the Walsh functional system in base 2 W(2) and choose the parameters = 2 and = 1 = (1, 1, . . .) . Then, from Definition 3 for an arbitrary net P N , composed of N 1 points in [0, 1) ∞ , we obtain the so-called limiting dyadic diaphony, introduced by Dick and Pillichshammer [5] . Proof of Theorem 3. Let P N be an arbitrary net, composed of N 1 points in [0, 1) ∞ and for each fixed dimension s 1 let P N,s be the projection of the net P N to the first s coordinates. According to (8) we consecutively have
so we obtained the inequality
From the last inequality we obtain
and Theorem 3 is proved.
Multivariate integration in the weighted Hilbert space H F(b),s, ,
Following Aronszajn [1] , we will recall the concept of reproducing kernels for Hilbert spaces. Let F be a class of functions defined on E, forming a Hilbert space. The function K(x, y) of x, y ∈ E is called a reproducing kernel for F if:
1. for every y ∈ E, K(x, y) as a function of x belongs to F ; 2. the reproducing property: for every y ∈ E and every f ∈ F
The subscript x by the inner product indicates that the inner product applies to function of x.
Let > 1 and > 0 be fixed real parameters and for an arbitrary integer k 0 the coefficient r b ( , ; k) is defined in Definition 1. For two functions f and g, using the functional system F(b), we define the inner product
where for each integer k 0 we have that f F(b) (k) and g F(b) (k) denote the Fourier coefficients respectively of the functions f and g with respect to the kth function of the system F(b). Then, we can introduce the norm
The weighted Hilbert space H F(b), , is defined as the set of all functions with finite norm, so
Using the functional system F(b) we define the kernel
We will prove that the kernel K F(b), , (x, y) is a reproducing kernel for the Hilbert space H F(b), , . We note the fact that for each integer k 0
and hence, we obtain that
Now, we will consider the s-dimensional case. Let > 1 be an arbitrary real and = ( 1 , 2 , . . . , s ) , where 1 2 · · · s > 0 is an arbitrary vector of weights. Let H F(b), , 1 , . . . , H F(b), , s be the corresponding coordinate weighted Hilbert spaces. We define the s-dimensional weighted Hilbert space H F(b),s, , as a tensor product of the corresponding coordinate spaces, i. e.
The inner product of two functions f, g ∈ H F(b),s, , is given as
and the norm
The space H F(b),s, , is again a reproducing kernel Hilbert space with a reproducing kernel given as
We are interested in approximating the integral
Clearly,
thus, the "representer" of the functional I s (f ) in the reproducing kernel Hilbert space H F(b),s, , is the function 1(x) = 1, x ∈ [0, 1) s . Let N 1 be an arbitrary fixed integer. We will approximate the integral I s (f ) through quasiMonte Carlo algorithm with equal quadrature weights
f (x n ),
We define the worst-case error for integration in the space H F(b),s, , as
Using the fact that for each function f ∈ H F(b),s, ,
we obtain the equations
Using the same technique as in Sloan and Woźniakowski [22] and Dick and Pillichshammer [6] , we consecutively obtain
and e 2 (F(b); s, , ; P N )
The following results can be obtained by some easy calculations:
1
From (9)- (12) we obtain that
From Definition 1 for the weighted b-adic diaphony of the net P N we have that ⎡
From (13) and (14) we obtain that
Finally, we prove the next theorem: 
The result, obtained in Corollary 2, was already obtained by Dick and Pillichshammer [7] . (ii) For an arbitrary vector of real weights = ( 1 , 2 , . . . , s ) , where 1 
Proof. (i) For each integer k 0 the equation
holds. Let k = 0. Then, from (15) we obtain that
Let k 1 be an arbitrary integer and the integer g 0 is defined such that b g k < b g+1 . Then, from (15) we have that
We will prove the following equations:
For x ∈ [0, b −(g+1) ) we have that f k (x) ≡ 1. Then, using the definition of the function log b x , we obtain
so Eq. (18) is proved. For each integer k 1 using the properties (c) and (d1) of the functions f k (x), we can prove that
From the definition of the function log b x we consecutively obtain
and Eq. (19) is proved. We consecutively have the next equations 
From (21) and (22) we obtain Eq. (20) .
From (17)- (20) we obtain that the equation 
holds for each integer k 1 such that b g k b g+1 . From (16) and (23) 
If k = 0 then, from (24) we obtain that 
In Grozdanov and Stoilova [12] the Weyl criterion (see also Kuipers and Niederreiter [15] ) was proved in the terms of the functions of the system F(b). So, the sequence = (x n ) n 0 is uniformly distributed in Theorem 2 is finally proved.
We note that the results about the weighted b-adic diaphony and the limiting weighted b-adic diaphony were announced in Grozdanov [9] .
